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1. MOVING DOMAIN

The Courant metric in shape analysis (16) is ex-
tended here to classes of non smooth subsets in
D. The intrinsic tube analysis which is evoked
here is developped in (25), (24). The character-
istic function of @ is ¢ € L>°(I x D) verifying
¢ = ¢% and ((t) = xq, where the measurable
set €24 is defined in D up to a zero measure sub-
set. That theory can be extended to boundaries
with the approach of (2). In the second part we
adopt the eulerian modeling (5; 16; 8; 11) which
has been extended to non smooth vector fields in
(17; 25; 24; 8)... Making use of the transverse
field approach (8; 4; 18) we derive the euler
equation for the geodesic-tube which has been
presented in several image anlysis conferences
(’Shape Space” IMA , march 06, MIAO6 Paris,
Obergurgl ...) with application developed with L.
Blanchard (26). The technic is inspired from (7).
Following (17), (23), we consider tubes which
are continuous with respect to the the L!(D)
topology and with time integrable perimeter, then
we introduce the set of characteristic functions

Pp={Q C D, xoe BV(D) }

and with

He = C°([o, 1], LY(D, {0,1}))nL'(0, 1, BV (D))

Associated with any subset ¢ € Pp , the fam-
ily
Oq, ={ Qe Pp s.t.

HC € Hcv s.t., C(O) = XQo> C(l) = XQ }

Associated with any two sets §; € Ogq,, the non
empty set of connecting tubes is :

T(2,92) = {¢ € HS, ¢(0) = xq,

¢(1) =xa, }

The set of jump lines of ((t) € BV (D) is de-
noted by I';. we consider the N + 1 dimensional
perimeter

Pryp(Q) = |VieaCllar (1xp)
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Consider also the fact that
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Pp() = [IVaC(®)|| a1 (p,rY)

Then we have :

(IxD)
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We shall consider the weak closure of such
smooth tubes ¢ and verify that the estimate 1
still hold true on the closure:

Proposition 1.1 let {,, be a sequence of smooth
tubes such that
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Then there exists a subsequence ( still denoted (,
) and ¢ such that , — ( stongly in L'(I x D)
( so that ¢ = (% ) and we have :

o 0
IVialllanaxpy < liminf ||EC¢LHM1(IXD)

1
+ /O ||vxgn(t)HMl(D7RN) dt (3)

Corollary 1.2 Let ¢ € LY(I,BV(D)) N
WLHI, MY(D)) then ¢ € C°(I,LY(D)) and
ae. t € I, ((t) = xq, with Pp(Q:) < co and
t — Pp(S) is Ls.c.

The weak closures H, ™ and Hy™ of HF :

Cck _ 2 c *
He* = {(=CF e HSNHY, sit.

, 3¢ e HE, ¢ — Cin LY(I x D) |
ViwCn — ViC (wealky in ) M (I x D),

with %(gn—g) — 0 weakly in LY (I, MY(D)) }

Hy" = {( =(* e H*N'H, s.t.
3¢, € HE, ¢ — Cin LY(I x D)

Vi2Cn — ViC (wealky in )Ml(I x D),
. 0
with a.e.t € I, Hacn(t)HMl(D) <0t }

2. A COMPLETE QUASI-METRIC SPACE

H* = { (e H N W1, MY (D)),

0
;¢ € LP(1,M(D)) } )

when the moving boundary is smooth :

Il = [ @l
We consider the variationnal problem

I (2, Q) ={ C€T(Q, Q) NHy" } (5)

={CeH" st ¢(0) =xq,, C(1)=xa, }

. 0
J = Inf{(e'];f’*(ﬂhfb)} { Had|L1(I,M1(D,RN))

+lplloi * (6)

Proposition 2.1 Let p > 1, there exists (at least
one) tube ¢ in T, (1, Qs) C Hy™ verifying the
minimum in the variational problems 6

The positive number j cannot be zero, j > 0, so
that j fails to be a distance on the family O,

= {Q st.3C € Hg*vXQ = C(1)7C(0) = XQO}

Incorporate the perimeter integral as a constraint

in the family:
*, Ppy
Qo,p

= [ Qe ), st xa=((1), CET(,9),

for given M > 0 consider O

1
/0 IVCO gy dt < M}

Notice that for two element €; € O, there
exists connecting tubes verifying the perimeter
constraint:

Lemma 2.2 Let €); € an’p, 1=1,2. Then the
set T (4, $2) N OF, , is non empty

Theorem 2.3 Let M > [|Vxq,llp1(p,ryy)-Let
p = 1, equipped with & the family OPM C Pp
Is a metric space.

Let p > 1, equipped with & the family
O*PM C Pp is a complete quasi-metric space,
in the sense that the triangle inequality is re-
placed by the following one :

Sp(Ql,Qig) < 2p71{ Sp(Ql,Qg) + SP(QQ,Qg) }
(7

In a full paper (27) we discuss the possibility to

introduce the curvature term p’ in the metric .

3. FULLY EULERIAN METRIC SPACE

As soon as the speed vector field V' verifies some
BV properties (V € L?(I, BV(D)N)) (24; 15),
there is a unique tube associated to V', then we do
have an application V' — (3, and with such reg-
ularity on V' we can revisit the complete metric
d being completely delivered of the non differ-
ential perimeter and curature terms that we were
obliged to introduce in order to apply the com-
pacity theorems. From the tube analysis we con-
sider several interesting choices for the spacial
regularity of the speed vector field (together with
its divergence field). Let

EYVL ={Vv e LY (I x D,RY),

divV € LY(D),V.np, W YoD },

and let £ be by closed subspace in BV (D) N
EL! such that any element V € E verifies the



required assumptions. A first example is, when
working with prescribed volume for the moving
domain,

Ey={V eBV(D,RN)n&H,

s.t. divV = 0a.e. (t,z) eI xD }

V be a free divergence vector field with divV =
0,, V e L'(I,Ey)), where E = BV (D, R")
or any closed subspace (for example £ = {V €
H}(D,RN), st. divV =0 }).
metric is to consider the set

An obvious

V(Q1, Q) ={V &l st.V, divV € LP(I, Ey),

s.it. Co = X, C(1) =xa, }

1
510 (20, ) = Infyevian.on /0 V@)l dt
®)

As V is divergence free the previous bounded-
ness assumption on the divergence are verified
and to each V' a tube (y is associated trough the
convection. Then we get the

Proposition 3.1 Letr E be any subspace of
BV (D, RN)YNEYY such that any element V sat-
isfies assumptions of theorem 2,12 of (25), for
example E = FEy . Then equipped with 0g the

Sfamily (’)go is metric space.
p>1,dg, (4, 92) =Infvevi o) NVl ey
+ H VHLl (I,M'(D,RN) )

Theorem 3.2 Let subspace of
BV(D,RN) N EYY, such that any element V
whose divergence satisfies assumptions of theo-
rem 2,12 of (25). Then equipped with dg the

Sfamily (950 is a complete quasi- metric space.

E be any

3.1. Geodesic characterizarion via transverse
field Z

That metric can be improved as a complete
metric by adding the perimeter terms . Then
the transverse tube perturbation will applies.
In that setting we are concerned with vector
fileds Z(s,t,z) € R"™ such that Z(s,0,z) =
Z(s,1,z) = 0 so that the extrimities of the per-
tubed tube are preserved. The previous study for
the transverse field implies that for given such a
vector filed Z, with div,Z(s,t,z) = 0 we get

the admissible perturbation of the field V' in the
following form V 4 sW (s, t,z) with

QZ(S, t,x)

W(s,t,x) = 5

+1[Z, V]

more precisely define the Lipschitz-continuous
connecting set

Vh(Q1,Q9) = { V e LI, WH

NEM, st ¢y € T(,Q) }

And the set of smooth transverse vector fields:

Z=1{ Z(t.x)eC

comp

(IxD,RY) 1

( Notice that such Z verifies Z(0,.) = Z(1,.) =
0 onD)

Proposition 3.3 Ler V. €  V(Q1,Q2) and

Z(t,x) € Z . The Transformation
T = T4(2)oT(V) maps Q(V) onto Qf =
Ts(Z)(%(V)) so that
s 9 -1
Vs, VZ, Vi(t,z) = —=ToT

ot

= (D20 + DTL(Z(0).V (1) JoT(2(1))

S Vl’oo(Ql, Qg)

Lemma 3.4
0 . s B g
V(0o = 5 200+ 120, V(©)] (10

Corollary 3.5 Consider a functional J(V) =

j(¢v) and let V' be a minimizing element of J
on V(Q1,Qs) then we have

0

VZ S Z7 %j(v )5:0
0

—_ 7 . s

= TV (5 V")em0)

0

=J'(V; 520 +[2(1), V()] ) =2 0 D

That variational principle extends to vector field
V € E for which the flow mapping T;(V) is
poorly defined. The element (y € H® is uniquely
defined. For any Z € Z the perturbed (5, :=
CvoTs(Z)~! € T(941,92) on the other hand the
following result is easily verified



Proposition 3.6 (j, = Cvs with

VA(t,.) == =DTTH(=Z(1)).(V()oTu(Z(t) ™)

= Ts(=2(1)) )

In other words:

%C + V(.V =0 implies

9 (o (2(0) ) +V(CoT(Z(0)).V* = 0

It can also be verified that the expression 10
for the derivative of the field still holds true
so that the variational principle (11) is valid for
any functional 7 minimized over the lipschitzian
connecting family V1°°(Qy, Q). And more gen-
erally, without assuming V' in E' we have :
Proposition 3.7 Let (¢, V) € TP(Qq,Qs), then
forall s >0 and Z € Z we have :

(CoTy(Z)7L, V) € TP9(Qq, Q)

In order to get a differentiable metric we could
consider

d(1,Q2) = Infyev, 0,)

1
0
| OV Ollagas, + 15Vl

equipped with d, Oq, would be complete met-
ric space but d fails to be a metric because of
the triangle axiom The advantage is that now the
associated functional is differentiable with repect
to V' then we can apply the previous variational
principle with transverse vector field Z. Let V' be
a minimizer in V(Qy, Q) for d(Q1,Qs). Then
VZ € Z we have

/1 {IVOl=— <v@),ze+[2,V] >
0

HV'OIH (V') (Ze+ 2,V))) Yt =0

Where <,> is the Hg(D,RY) inner product
while ((,)) is the L2(D, R™) one. In order to
recover a differentiable complete metric we in-
troduce again the constraint on the perimeter as
in the begining and set

01 (Q1,Q2) = Infyey, )

1
| WOl i (12)

The optimality condition is :VZ € Z

1
m./ H(t) < Z(t),ne > dTydt = 0,
0 Ty

1
/ VI < V), Z+[Z,V] > dt=0
0
4. QUASI-METRIC BY LEVEL SET FOR-
MULATION FOR APPLICATIONS

Let p > 1 and €, ¢ = 1,2 be two arbitrary
mesurable subsets in D. Let

K(,Q2) = {¢ € L*(I, H(D))nW (1, L*(D)),

0
- P 2
9 1, 12(0),
O ={2(0,.) >0}, Qs ={2(1,.)>0}
Notice that K (Q4,Q2) C CO(I, L?(D)), we set

drsp = (Q1,9Q2) == Infieex (0,0}

1 0
| o 160 o) + 1570001 )

Theorem 4.1 Ler 1 < p < 2, equipped with
drsyp the family of mesurable subsets in D is
a complete quasi-metric space.

5. EULER EQUATION FOR GEODESICS

dc(t), P s.t. gt(Hv(t)HPQ V(t))

+[V@®||P2( DV (t).V + D*V.V(t))
= VP + ¢ xr, divr, (ne) n.

That is,
p—4 9
(0 = DIVIPH(V, 5,V
0
+ ||V (2)| P2 (EV + DV (t).V 4+ D*V.V(t))
= c xr, divr, (ng) ng, (13)

which can be written as ( with the notations V =
V7LV, =P —1/2|V|?):

divV =0,
o) o .-
—_ —N((=
57 TP-2D((F V. V)V
= DV.V = VII+c(t)||V|[*™? xr, divr, (ns) ne
(14)
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